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Abstract. In the paper, by directly verifying an inequality which gives a lower 
bound for the first order modified Bessel function of the first kind, the authors 
supply a new proof for the complete monotonicity of a difference between the 
exponential function e 1 /* and the trigamma function f/>'(t) on (0, oo). 



1. Introduction 
In [3, Lemma 2], the inequality 

V''(0<e 1/t -l (1.1) 
on (0, oo) was discovered and employed, where ip(t) denotes the digamma function 

^) = [inr(t)]' = T ii 

and r is the classical Euler gamma function which may be defined for 3?(z) > by 



T{x)= / f-^-Mt. 
Jo 

The functions ip'(z) and ip"(z) are respectively called the trigamma function and 
the tetragamma function. As a whole, the derivatives i/j( k '(z) for k £ {0} U N are 
called polygamma functions. 

An infinitely differentiable function / defined on an interval / is said to be a 
completely monotonic function on / if it satisfies 

(-l) fc / W W>0 (1.2) 

for all k £ {0} U N on /. Some properties of the completely monotonic functions 
can be found in, for example, [2, 7]. 

In [5, Theorem 3.1] and [6, Theorem 1.1], the following theorem was proved 
totally by three methods. 

Theorem 1.1. The function 

h{t) = e 1/4 - tf/(t) (1.3) 
is completely monotonic on (0, oo) and 

lim h(t) = 1. (1.4) 

t— yoc 
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The second main result of the paper [6] is its Theorem 1.2 which has been 
referenced in [4, Section 1.2] and [5, Lemma 2.1] as follows. 

Theorem 1.2. For k e {0} U N and z ^ 0, let 



m=0 



For 3ff(z) > 0, ifce function H k {z) has the integral representations 

H k (z)= fc , (fc + 1) , ^ iF 2 (l;fc + l,fc + 2;^ fe e^di 



anc 



(fc+1)! 7 f(fc+2)/2 



(1.5) 

(1.6) 
(1.7) 

(1.8) 

(1.9) 

for n > and ant/ rea/ or complex number a, and the modified Bessel function of 
the first kind 

2k+v 



where the hypergeometric series 



pF q (a 1 ,...,a p ;b 1 ,...,b q ;x) = ^ 



(ai)n ■ ■ ■ (flp)n X n 
u {h) n ■ ■ ■ (bq)n n - 

for bi $l {0, — 1, —2, . . . }, the shifted factorial (a)o = 1 and 

(a) n = a(a + 1) • • • (a + n - 1) 



i 



fc=0 



fc!i> + fc + i) V2 



(1.10) 



/or i/£R and z E C. 

When fc = 0, the integral representations (1.6) and (1.7) may be written as 

h(2Vt) 



and 



e 1 /* = 1 + 

Jo 

i r r c 

3 1 /* = 1 + - 1+ / 

* L Jo 



Vt 

I 2 (2V~t) 



e~ zt dt 



e~ zt dt 



for $t(z) > 0. Hence, by the well known formula 
V/")(z) = (-1)" +1 



1 - e~ u 



du 



(1.11) 
(1.12) 

(1.13) 



for $l(z) > and n <= N, see [1, p. 260, 6.4.1], the function /i(i) defined by (1.3) has 
the following integral representation 

"Ji(2 > /u) u 



h(t) = l+[ 
Jo 



1 - e~ u 



'du. 



(1.14) 



Proposition 1.1 (Hausdorff-Bcrnstcin-Widder Theorem [7, p. 161, Theorem 12b]). 
^4 necessary and sufficient condition that f(x) should be completely monotonic for 
< x < oo is that 

POO 

f(x)= / e- xt da(t), (1.15) 
Jo 

w/iere a(t) is non- decreasing and the integral converges for < x < oo. 
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Combining the complete monotonicity in Theorem 1.1 and the integral represen- 
tation (1.14) with the necessary and sufficient condition in Proposition 1.1, it was 
revealed in [6] that 

K Z. ' > , u>0. 1.16 

Replacing 2y/u by t in (1.16) yields [6, Theorem 1.3] below. 
Theorem 1.3. For t > 0, we have 

hit) > 1 }% 2)2 ■ (1.17) 

We note that the complete monotonicity in Theorem 1.1 is the basis of the 
inequality (1.17) and some results in the subsequent papers [4, 5]. 

The aim of this paper is, with the help of the integral representation (1.14) but 
without using Proposition 1.1, to supply a new proof of Theorems 1.1 and 1.3 in a 
converse direction with that in [4, 5, 6]. In other words, Theorem 1.3 will be firstly 
and straightforwardly proved, and then Theorem 1.1 will be done. 



2. A NEW PROOF OF THEOREMS 1.1 AND 1.3 



By the definition of the modified Bessel function I v (z) in (1.10), it is easy to see 
that 



Ji(2Vu) 



= E 



-fc!r(fc + 2) 



k , 1 1 2 

vr > 1 + -u + — u . 



fc=0 



12 



Hence, in order to prove (1.16), it suffices to show 



1 + —u -\- —u A > 



2 12 
which is equivalent to 

e u (l2- 6u + u 2 ) - 12 -6m- 



1 - e-' a 



(2.1) 



> 1 + M • 



= 120" 
> 0. 



3! 4! 

2 



5! 



[3+(w-3) 2 ] -12-6m- 



i + U-" 



Consequently, the proof of the inequality (1.16), that is, Theorem 1.3, is thus 
complete. 

Substituting the inequality (1.16) into the integral representation (1.14) leads to 
h(t) > and for k £ N 



{-lfh {k \t) = / 
Jo 



MVm) 



1-e- 



u k e- tu 



du > 



on (0,oo). As a result, the function h(t) is completely monotonic on (0,oo). 

The limit (1.4) follows immediately from taking t — > oo on both sides of the 
integral representation (1.14). Theorem 1.1 is proved. 
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Remark 2.1. The inequality (2.1) is equivalent to 

Q(u) = e"(l2 - 6u + u 2 ) - 12 - 6u - u 2 > 0. 
An immediate differentiation yields 

Q'(u) = e u (u 2 - Au + 6) - 2(u + 3), 
Q"(u) = e u (u 2 -2u + 2) -2, 
Q"'(«) = w 2 e". 

Since Q"'(it) and Q"(0) = 0, it follows that Q"(u) > on (0,oo). Owing to 
Q'(0) = and Q"(u) > 0, it is derived that Q'(u) > 0. Finally, since Q(0) = 0, 
the function Q(u) is positive on (0, oo). This gives an alternative proof of the 
inequality (2.1). 

References 

[1] M. Abramowitz and I. A. Stegun (Eds), Handbook of Mathematical Functions with Formulas, 

Graphs, and Mathematical Tables, National Bureau of Standards, Applied Mathematics Series 

55, 9th printing, Washington, 1970. 
[2] B.-N. Guo and F. Qi, A completely monotonic function involving the tri-gamma function and 

with degree one, Appl. Math. Comput. 218 (2012), no. 19, 9890-9897; Available online at 

http : //dx . doi . org/10 . 1016/ j . amc . 2012 . 03 . 075. 
[3] B.-N. Guo and F. Qi, Refinements of lower bounds for polygamma functions, Proc. Amer. 

Math. Soc. 141 (2013), no. 3, 1007-1015; Available online at http://dx.doi.org/10.1090/ 

S0002-9939-2012- 11387-5. 
[4] F. Qi, Properties of modified Bessel functions and completely monotonic degrees of differences 

between exponential and trigamma functions, available online at http : / /arxiv . org/abs/1302 . 

6731. 

[5] F. Qi and C. Berg, Complete monotonicity of a difference between the exponential and 
trigamma functions and properties related to a modified Bessel function, Mediterr. J. Math. 
10 (2013), in press; Available online at http://dx.dol.org/10.1007/s00009-013-0272-2. 

[6] F. Qi and S.-H. Wang, Complete monotonicity, completely monotonic degree, integral rep- 
resentations, and an inequality related to the exponential, trigamma, and modified Bessel 
functions, available online at http://arxiv.org/abs/1210.2012. 

[7] D. V. Widder, The Laplace Transform, Princeton University Press, Princeton, 1946. 

(Feng Qi) Department of Mathematics, School of Science, Tianjin Polytechnic Uni- 
versity, Tianjin City, 300387, China; School of Mathematics and Informatics, Henan 
Polytechnic University, Jiaozuo City, Henan Province, 454010, China 

E-mail address: qifeng6180gmail.com, qifeng618Shotmail.com, qifeng618@qq.com 

URL: http://qif eng618.wordpress . com 

(Xiao-Jing Zhang) Department of Mathematics, School of Science, Tianjin Polytech- 
nic University, Tianjin City, 300387, China 
E-mail address: xiao.jing.zhangOqq.com 



